Detection of atomic entanglement and electromagnetically induced transparency in 
velocity-selective coherent population trapping 



in 
o 
o 

(N 

a 

00 



> : 

(N . 

a^ ■ 

O ' 
^ ' 

o : 

in ■ 

o ■ 

:^ 

Oh! 

> ■ 

■ 

a • 

^ : 



M. Kiffneri and K.-P. Marzlin^.i 

Fachhereich Physik der Universitdt Konstanz, Fach M674, 78457 Konstanz, German^ 
"^Department of Physics and Astronomy, University of Calgary, 
2500 University Drive NW, Calgary, Alberta T2N 1N4, Canada 

We investigate theoretically the optical properties of an atomic gas which has been cooled by 
the laser cooling method velocity-selective coherent population trapping. We demonstrate that the 
application of a weak laser pulse gives rise to a backscattered pulse, which is a direct signal for 
the entanglement in the atomic system, and which leads to single-particle entanglement on the few- 
photon level. If the pulse is applied together with the pump lasers, it also displays the phenomenon 
of electromagnetically induced transparency. We suggest that the effect should be observable in a 
gas of Rubidium atoms. 

PACS numbers: 42.50.Gy, 03.67.Mn, 03.75.-b, 42.50.Ct 



I. INTRODUCTION 

Among a large variety of laser cooling schemes that 
have been developed, velocity-selective coherent popula- 
tion trapping (VSCPT) belongs to a small group of meth- 
ods by which temperatures below the one-photon recoil 
energy can be achieved. One-dimensional realizations of 
the VSCPT-method have been demonstrated for ^He ^ 
and ^^Rb atoms 2\. In addition, VSCPT experiments 
with Helium atoms have been carried out successfully in 
two and three Q dimensions. 

The fundamental feature on which VSCPT relies is the 
preparation of an atomic dark state (see, e.g., Ref. 0]) 
which does not couple to the pump lasers. However, 
there is a significant difference between conventional dark 
states and the state of a VSCPT gas: In the former case 
it is preferable to consider situations in which the atomic 
center-of-mass motion can be neglected. This is for ex- 
ample the case if all laser fields are propagating in one 
direction, the corresponding dark state is then simply a 
superposition of two hyperfine ground states. By con- 
trast, the dark state of a VSCPT gas must depend on 
the center-of-mass motion to achieve the desired cooling 
effect. Therefore, the atoms are exposed to two counter- 
propagating pump lasers with wavenumber kp. The dark 
state of this laser configuration 



I VSCPT ; 



hkr, 



(1) 



is then an entangled superposition of states that contain 
both internal (|±)) and center-of-mass degrees of free- 
dom (I ± hkp)). 

It is this existence of entangled atomic coherences 
which makes the optical properties of a VSCPT gas in- 
teresting. Our goal is to identify a distinctive optical sig- 
nal which is directly linked to the atomic entanglement. 
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We will show that the latter gives rise to a backscat- 
tered beam of light when the VSCPT gas is probed with 
a weak signal laser pulse (Sec. IIIip . It will be demon- 
strated that this signal is absent for a mere mixture of 
ground states and thus would provide a direct test of 
the entanglement of the atomic system. This effect can 
also be interpreted as a transfer of entanglement from 
a single atom to a single photon (Sec. IVI|I . There are 
two additional features of the VSCPT state which make 
it a system with very special optical properties. First, 
since it is prepared in a dark state one can expect that 
a VSCPT gas also exhibits the phenomenon of electro- 
magnetically induced transparency (EIT) 0, '7, ; this 
will be examined in Sec. [V] We remark here that EIT 
in a standing- wave geometry has also been studied by 
Affolderbach et al. j^. Although the laser configuration 
is similar to that considered here, the physical system 
is quite different since the experiments are conducted at 
room temperature. A second feature of the VSCPT state 
is that it is a periodic state of matter in position space 
((zl VSCPT) cx exp{±ipz / h)) . While one may conjec- 
ture that this would cause the creation of band gaps in 
the photonic spectrum it will become clear in our deriva- 
tions that this is not the case. 



II. THEORY OF THE VSCPT STATE 

Our aim is to find an optical signature for the entan- 
glement between the atomic internal and center-of-mass 
degrees of freedom in a VSCPT state, as well as to explore 
its potential for EIT effects. To do so we first describe the 
features of an atomic VSCPT state, which has been ex- 
perimentally realized with ^He as well as ^^Rb atoms 
The atoms are exposed to two counter-propagating 
pump laser beams which share the same frequency ujp 
and Rabi frequency fip. The electronic degrees of free- 
dom of the atoms are modeled by a three-level system 
in A-configuration (see Fig. QJ. In addition, the atomic 
center-of-mass motion is treated quantum mechanically. 
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In the one-dimensional cooling scheme considered here 
the momentum components perpendicular to the pump 
field are not observed and can therefore be traced out. 
The atomic Hamiltonian is then given by 



Hn 



I m 



(2) 



where m is the mass of the atom and its resonance 
frequency. In the rotating wave approximation the inter- 
action Hamiltonian takes the form 



ground states can be pumped back to the excited state, 
the atoms accumulate in jVSCPT). The corresponding 
dynamics is governed by the master equation 



(6) 



The term C-^g on the right hand side accounts for spon- 
taneous emission and is given by 0, UlL IT^ 



C^Q := -7£'ee|e)(e| 



(7) 



Hp ■■= - (|e)(-|e 



(3) 



H.c. 



where ftp :— dEp/h is the Rabi frequency of the pump 
lasers {d :— {e\d ■ e^^^j^p) and d is the electric-dipole 
moment operator). Ep denotes the electric- field ampli- 



tude of the classical pump field Ep{z,t) 
E[-\z,t), with 



(z,t) 



-1 [ee-|e)(-| + ee+|e)(+| + H.c] 

hkQ 

+ ^ J H{u)e^n^'geee-i"'du\-){-\ 

— hkQ 
hko 

iJ(u)e^"^geee^*"^ du\+){+\ 

— hkQ 



{z,t) 



En 



(4) 



being the positive-frequency part of the electric field and 
E^p~^ — -E^^-*^. The circular polarization vectors are de- 
fined as e'^) := ± iey) / \/2 . 

The special linear combination of ground states 

\D{p)) ■.= l=[\-^p-hkp) - \+,p + hkp)] (5) 

is an eigenstate of the interaction Hamiltonian Hp and 
therefore decoupled from the light field. However, \D{p)) 
is generally not an eigenstate of Hq. Only for p = the 
state IVSCPT) = \D{p = 0)) is an eigenstate of the 
complete Hamiltonian Hc{t) := Ho + Hp{t) and therefore 
stationary. 

In principle, a VSCPT state can simply be created by 
pumping the atoms with laser light. Since spontaneous 
emission increases the population in | VSCPT) with a cer- 
tain probability, and since all other combinations of the 



Wp, kp 




LOpj kp 



, P ~ fikp 



\+,p + hkp) 



with := (e|6'|e') (e, e' € {e, -, +}). For the 
Je = 1 Jg — 1 transition considered here, the function 
H{u) is given by H{u) := 3 (l-f / (hko)^) / {8 hko) . It 
has been shown in Ref. ^3 that for a finite duration of 
the pumping this process results in a finite atomic mo- 
mentum distribution. We approximate this state by a 
mixture of dark states with different momenta that is 
described by the density matrix [T3| 



f{p)\D(p)){D{p)\dp. 



(8) 



where / characterizes the momentum distribution. We 
assume here that / can be approximated by a Gaussian 
distribution centered around p — 0, 



fip) 



1 



2tt a. 



(9) 



p 



The momentum width is given by = J p^ f{p)dp. It 
is a measure of the achieved final temperature of the 
gas and varies with the coherent interaction time as 
CTp ^ The experiments presented in Refs. 0,0 

demonstrate that a value of <7p ~ hkp/2 is achievable. 



III. COHERENT BACKSCATTERING OF A 
WEAK SIGNAL BEAM 



FIG. 1: A-type pumping scheme including translational de- 
grees of freedom. A polarized beam travels along the 
positive z-direction and couples the ground state | — ,p — hkp) 
to the excited state \e,p). The counter-propagating beam is 
a~ polarized and couples the ground state \ + ,p + hkp) to the 
excited state. 



The optical response of an atomic gas can be described 
by the Maxwell-Bloch equations, which include an atomic 
master equation of the form © and the wave equation 
for the electric field, 



2 t 



A LE = - 



1 



(10) 
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perturbation theory. Expanding the density matrix as 
P = fiiQ + ^?l we then find 



[dt - £o]gi = --^ [Hs,Qo] 
The Liouville operator Cq is defined as 



(15) 
(16) 



FIG. 2: Idealized set-up after the pump laser beams have 
been switched off. The VSCPT gas stretches from z = to 
z = a (region II) and is surrounded by vacuum (region I and 
III). The signal beam, a plane- wave with frequency Us, cr^ 
polarization and amplitude Eq is shone into the probe from 
the left. 



For a dilute gas, atom-atom interactions can be neglected 
so that the macroscopic polarization P can be expressed 
as the local mean value of the single-atom dipole opera- 
tor. 



(11) 



Here, p denotes the mean atomic density and the trace 
runs over the internal states {g{z,t) = {z\g{t) \ z)). 

To investigate the optical properties of a gas that has 
been cooled by means of the VSCPT method, we gen- 
erally consider the behavior of a weak signal laser beam 
interacting with a homogeneous distribution of cooled 
atoms of finite width a. In this section we examine the 
case where the signal beam is switched on after the pump 
lasers are switched off. We will see in Sec.^that the opti- 
cal response will be quite different when the pump lasers 
are not switched off. 

The setup to investigate the optical response is shown 
in Fig. 12 At time t = 0, the pump field is turned off and 
a cr"*" polarized signal field 



E[+\z,t) ^ Ei{z)e 



(12) 



with slowly varying amplitude Ei(z) and frequency Us is 
applied to the probe from the left. The associated atomic 
evolution can be derived from Eq. @ with Hq replaced 
by Ho + Hs{t), with 



Hs(t) = -hQie'''' 



—MI2 e 



|e)(- 



H.c. 



and Vli :— dEi{z)/h. The second electric field 



.(+) 



(z,t) :=£;2(z)e(-)e*('=^^-"=*) 



(13) 



(14) 



{k2 :~ ks — 2kp w —kg) has been introduced to keep 
the ansatz consistent (see below) . To solve the Maxwell- 
Bloch equations we first consider the atomic master equa- 
tion. Since the signal beam is assumed to be weak, 
its influence on the atoms can be treated in first-order 



[Ho, ■] + C^i-) 



(17) 



and governs the time evolution of the free atom. 

We first consider the ideal case where go is given by the 
stationary state gs = | VSCPT) (VSCPT|. For brevity we 
will only discuss the incoming signal beam Ei since the 
second beam can be treated in an analogous way [l^ . 
The commutator on the right hand side of eq. (|16|) is 
comprised of two time-dependent parts 



[Hs,gs 



e,;iAA:)(VSCPT|e- 



H.c. (18) 



that vary with e 



and e*"=*, respectively {Ak 



This inhomogeneity gives rise to the follow- 



ing steady-state solution 
£'i(^) = - ^Xo(ws)f^ie' 



-iuJst I 



,hAk] 



Xo(ws) ^1 e" 



with 

Xo(ws) 



HAk' 
2m 



\e,hAk] 



i- + As 
2 " 



(19) 
H.c. 

(20) 



Er '■— hkp/(2m) defines the recoil frequency and Ag := 
LUs ~ denotes the detuning of the signal field from res- 
onance. In the following we will use this steady-state 
solution instead of a full solution that fulfills the correct 
initial condition pi(t) = 0. This is justified if the in- 
teraction time between the laser (pulses) and the atoms 
is long compared to the natural lifetime of the excited 
state, since in this case all non-stationary contributions 
(which are solutions of the homogeneous equations) are 
damped away. 

We remark that, as a consequence of first-order pertur- 
bation theory, the population of the excited state remains 
zero. This explains the simple form of solution (|19|) and 
effectively allows us to replace the full decoherence term 
by 



H.c. 



An important feature of Eq. (|19|l is the non-vanishing 
coherence [pi]e+ + This effect does not ap- 

pear if the state go = | VSCPT) (VSCPT| is replaced by 
an incoherent mixture of the form 



1 



[I -, -hkp){-,-hkp I + I +, hkp){+, hkp I] 
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and therefore is a signal for the coherence between the 
atomic ground states. 

We wiU now show that this coherence creates a 
backscattered hght beam and therefore generates a signal 
of the entanglement between atomic internal and center- 
of-mass degrees of freedom. To do this we solve the wave 
equation 11U|) in paraxial approximation, i.e., we neglect 
the terms d'^Ei{z) {i e {1,2}). This is justified if the 
envelopes Ei{z) are slowly varying over one wavelength, 
so that 



\d'',E,{z)\ « ks \d,E,iz) 



(21) 



Inserting gi of Eq. (|19(l and the corresponding contri- 
bution induced by E2 into Eq. Hll|l leads to 



iz,t) 



pd* 



^g^fc.^g( + ) (22) 



The term ~ flie^ ^ is a direct consequence of [£'i]e+ 7^ 0. 
In the paraxial wave equation [T5l |. 



hd,Eiiz)e'^+>e 



h{d,E2iz) + 2iAkE2iz))e'^->e 



(-) ik2Z 



(23) 
,(+) 



this results in a coupling between Ei and i?2. If E2 had 
not been introduced, the term ~ ilic*^"^ would not have a 
corresponding term ^ e^"' on the left-hand side, so that 
the equation would be inconsistent. Sorting the terms 
according to their polarization and phase factors leads to 
a coupled equation for the amplitudes, 



where 



El 
E2 



-iriQ iuq 
-iuQ i{no — 2 Afc) 



El 
E2 



(24) 



(25) 



solution of Eq. H24|l is found to be 



Ei{z) = 

5 cosh[6{a — z)] + i(nf) 

Eq - 



(27) 



A/c) sinh[(5(a - 2)] ^_,Afe^ 



(5cosh[(5a] -f i(no — A/c) sinh[(5a 



E2{z) = Eo 



i hq sinh[(5(a — z)] 



-iAkz 



Scosh[Sa] + i{nQ — Ak) sinh[5a] 



The envelopes Ei^2 contain a periodic part whose period 
A is given by the inverse imaginary part of 6. For atomic 
densities lower than lO^^cm"'^ the parameter A is usu- 
ally orders of magnitudes larger than the typical length 
of a VSCPT gas (i.e., a few centimeters); the periodicity 
would then not be observable. Generally, for |ai5| <C 1 
and Afc Eq. H27|) simplifies considerably and be- 
comes 



Eiiz) ^ Eo li- 



no z 



(28) 



E2{z) = Eo 



no{a — z) 



noa - 



which is an excellent approximation for realistic param- 
eters. 

Fig. I^lshows a plot of the intensity of the incoming and 
reflected beam. We chose a probe length of a = 1 cm and 
a detuning of A^ = 3 x 10^ s^^. For the Je — 1 ^ Jg = 1 
transition of the Di Line of ®^Rb, the recoil frequency, 
the rate of spontaneous emission and the dipole moment 
take the values [l3 = 2.3xl0'*s"\ 7 ^ 3.61x10^3"^ 
and d = 2.99 e ao/-\/T2, where e is the elementary charge 
and ao is Bohr's radius. In addition, we assumed a mean 
atomic density p of 2 x 10^" cm~'^ which is close to the 
experimental conditions (p « 10^*^ cm"'^) described in 
Ref. 0. About 30% of the incoming intensity is trans- 
ferred to the reflected beam, all losses are due to sponta- 
neous emission. 

Simplified explanation of the backscattered beam: Since 
the above derivation is somewhat involved we will give 
here another, more physical explanation of the effect. 



The boundary conditions on the physical solution are 
determined by the behavior of Ei and E2 outside the gas 
and Maxwell's equation V x E — ~B, which implies that 
the transverse electric field is continous at the bound- 
ary of the gas (see Fig. ^ . Since Ei corresponds to the 
incoming signal beam that travels along the positive z- 
axis, its amplitude is given by a fixed value Ei(z) = Eq 
for z < (region I). On the other hand, the counter- 
propagating field E2 is initially empty so that E2{z) = 
for z > a (region III). The boundary conditions for the 
amplitudes £^1^2 in region II are thus given by 

Ei{z^O) = Eo and E2{z = a) = Q . (26) 
Introducing the notation 6 := \J (2no — Afc) Afc the full 




z[cm] 



FIG. 3: Intensity of the incoming (solid line) and the reflected 
(dashed line) beam in a VSCPT-gas of length a = \ cm. Both 
intensities are related to the intensity Jo of the incoming beam 
in region I (Fig. |5J. 
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The incoming signal beam transfers the initial atomic 
state I VSCPT) to the superposition IV^i) | VSCPT) + 
iJ,|VSCPT) - I VSCPT) + \e,p = 0) (for simplicity 
we here set A/c — kg — kp to zero). Hence, the absorp- 
tion of an incoming signal photon leads to a (partial) 
transfer of the initial coherence between | — ,— fifcp) and 
\+,hkp) to one between |e,0) and 1+, /ifcp). The latter 
corresponds to an induced dipole moment which, due 
to angular momentum conservation, can only lead to 
emission of photons with polarisation cr^ . In Maxwell's 
equations such photons are coupled to the coherence 
Pe+{z,z) — (e, z|-0i)('0i|-|-, z) at the position z of the 
atom. An elementary calculation leads to pe+{z,z) ~ 
(e, z|e, 0)(+, fi-/cp|-|-, z) ~ exp(— ifcpz) so that the emitted 
photons are propagating in the opposite direction of the 
incoming beam. The associated change in the photon's 
momentum is provided by the different atomic momenta 
in the two ground states. The polarized backscattered 
light beam E2 is thus not only a signal for the coherence 
of the VSCPT state, but also a direct signal of the en- 
tanglement between atomic internal and center-of-mass 
degrees of freedom. 

This method of probing entanglement in atomic gases 
should not only be applicable to a VSCPT gas but to any 
state in which an entanglement between internal states 
and momentum states is achieved. The VSCPT gas is 
only special in that the entangled state is also a dark state 
with respect to the pump laser field. We will see below 
that this will lead to EIT for the pair of signal fields. 
We also emphasize that a mere mixture of states with 
different momentum and internal degrees of freedom, as 
it is created by other cooling methods such as Raman 
cooling would not display the backscattered beam. 



IV. FINITE MOMENTUM WIDTH: 
DEPHASING OF THE REFLECTED BEAM 

In reality the atoms are not prepared in the ideal state 
|VSCPT)(VSCPT| but have a finite momentum width, 
described by p/ of Eq. ©. Since this is not a stationary 
state, the free time evolution of the unperturbed density 
operator po of Eq. \ib\ after the pump lasers are switched 
off reads 



Qo{t) = / f{p)\D{p,t)){D{p,t)\dp, 



(29) 



where 



\D{p,t)\ 



,p- hkp) 
V2 



^-zuAp)t \+^P+J^^p) (30) 



V2 



and u}r{p) '■= 2kpp/m. The energy hwrip) j^^t the dif- 
ference between the kinetic energies of the ground states 



p — hkp ) and | p -f hkp ] 



go{t) describes a mixture of initially dark states which 
evolve into a corresponding bright state at rates which 
depend linearly on p. To demonstrate that this behav- 
ior results in a dephasing of the backscattered wave we 



proceed as in section IIIII to derive the macroscopic po- 
larization (we only write down the part induced by Ei) 



p(+) t) = _ (/„ e^'^'^ e(+) - I^e-^'^^'e^ ' ] e 



with 



(31) 



la ■■= / X{^s,p)f{p)dp . 



Is ■■= 



x(c.„p)/(p)e'"-(P)*dp 



Er + i- 



As - -UJr{p) 



In the derivation we have used the approximations Er — 
hAk'^ / {2m) « Er and kp ± Afc « kp as well as fc2 ~ —kg- 
The evaluation of the integrals and Ip can be simpli- 
fied by using that x{'-^s,p) as a function of p is almost 
constant over the momentum range of a VSCPT gas. 
We assume here that the momentum width is given by 
tTp = hkp/2 (see Sec. and are thus allowed to replace 
X(ws,p) by xo(ws), which yields 



(32) 



-2Etf 



with g(t) := e' 

These results enable us to describe the long-term be- 
havior of the system. For t ^ l/Er, the Integral is ap- 
proximately zero and the term proportional to e^~^ in eq. 
(|31|l can be neglected. Consequently, the backscattered 
wave is equal to zero. The reason is that the dephasing 
of the coherences in different dark states \D{p, t)) of H3U|) 
leads to a destructive interference between the backscat- 
tered signal beams for different momenta. 

Although the backscattered signal is suppressed for 
continuously operating signal beams, it is reasonable to 
expect that it will be strong enough if one employs sig- 
nal pulses instead. Incoming and backscattered pulses 
can formally be described by assuming that the ampli- 
tudes El ^2 of Eqs. p2fl and 11411 are slowly varying both 
in space and in time, 

|5fi;i,2(z,i)| « ks \d,Ei,2{z,t)\ , 

\dfEi,2{z,t)\ « ojs \dtEi,2{z,t)\^cu^, 1^1,2(^,01 ■ 

Maxwell's equation (|10|l becomes now a coupled set of 
first-order partial differential equations [19j for the en- 
velopes El and E2, 



dA El = ino {E2g~ El) 



c 



-dt - dz] E2 = mo (£^1 g- E2) , 



(33) 
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where Uq is defined in Eq. (|25|l . 

We have numerically solved these equations for a Gaus- 
sian amplitude Ei incoming from the left, with the 
boundary condition that E2 is zero on the right-hand 
side of the medium, and that the fields are continuous at 
the boundary of the medium. At t = 0, the Ei pulse is 
completely outside of the medium and E2 is zero every- 
where. The numerical solution is easily obtained using 
standard mathematical software packages such as Math- 
ematica. The results can be summarized as follows. 

The time dependence of go manifests itself solely in 
the presence of the function g. For a signal pulse whose 
length is short enough so that g « 1, the efficiency of 
the backscattering-effect is as high as for the idealized 
VSCPT-gas (SecHnil. Fig.|3|shows a plot of 5 as a func- 
tion of time for the Helium and Rubidium parameters. 

The small mass of ''He results in a large recoil fre- 
quency {Er = 2.7 X 10^s~^) and causes a rapid decay of 
g within 5 fis. Consequently, the length of the incoming 
pulse must be as short as2xl0~^sin order to maximize 
the peak intensity of the backscattered pulse. However, 
one should bear in mind that the solution to the homoge- 
nous part of eq. (fT?)|l cannot be neglected for t < I/7. 
Therefore, the predictions of our theory are only correct 
for pulses of a few fj,s or longer. In the case of Helium, 
the efficiency of the backscattering-effect is less than 1% 
if a Gaussian pulse of 2 /is is shone into the probe. 

A completely different behavior should be observed for 
a VSCPT gas of Rubidium atoms. The recoil frequency 
of Rubidium is about ten times smaller than for Helium, 
and g is almost constant within the first 5 fis. Even for a 
Gaussian pulse of 4 /is, the peak intensity of the backscat- 
tered signal beam is almost as high as in the case of 
the idealized VSCPT gas (section Thus, we expect 
that for signal pulses traveling through a Rubidium gas 
the backscattered beam should be a good signal for the 
entanglement between the electronic and center-of-mass 
degrees-of-freedom in a VSCPT state. 



g(t) 




FIG. 4: Plot of g{t) = exp[—2E^t^] as a function of time. 
The recoil frequency of '^^Rb {Er = 2.3 x 10* s"^) is about 10 
times smaller than for "^He {Er = 2.7 x 10^ s~^). 



V. ELECTROMAGNETICALLY INDUCED 
TRANSPARENCY 

We will now demonstrate that a VSCPT-gas creates 
electromagnetically induced transparency [gIItIH. I20II21I 

[2^ if the signal and the pump field interact with the gas 
at the same time. In presence of the pump field, the 
Hamiltonian in Eq. JHl has to be replaced by He + Hg. 
The same perturbative methods that have been employed 
in section Hnl can be applied here, provided the signal field 
is much weaker than the pump field (|r2s|/|ilp| <C 1). 
We consider the simplified situation where all atoms are 
initially in the unperturbed stationary state | VSCPT); 
the previous section indicates that this is justified for 
sufficiently short signal pulses. The first order correction 
gi is now determined by 

[dt~Cc]gi = -^[Hs,go] , (34) 
where Cq is defined as 

Cc{-):^-^[Hc,-]+ €,{■) 
with He = Hq + Hp. The unitary transformation 
U ■.^\e){e\e"^''' + \ -){- \e'''''^ + | + ) ( + le"**^"^ 

removes the operators exp[±ifcsz] as well as the time 
dependence from the interaction Hamiltonian Hp. The 
transformed operator gi := U giU'^ then obeys a more 
convenient equation than Eq. (|34|l . The remaining cal- 
culation follows exactly the procedure of Sec. IIIII In 
particular, the matrix element (elpije) vanishes even 
in the presence of the pump field. This is a consequence 
of the initial atomic state jVSCPT) being an eigenstate 
of the complete Hamiltonian Hq. If the finite width of 
the atomic momentum distribution is taken into account, 
excitations will occur and, consequently, side bands of 
frequency ujsh := Ws — 2 Aw will be present. 

The result for the field amplitudes is again of the 
form (|27ll and 128|l if one replaces (5, no and xo by 
5p := yj{2np - Ak)Ak, 

1 UJ^p\d\'^ , . , . 

■= 2fc: 2^^^("^) 

and 

^'^""'^ Aj{E~^if^A:)~2\n;\^ ■ ^^^^ 

We exploited that hAk'^/{2m) and hkpAk/m are much 
smaller than the frequency difference Ato := ujg — ojp = 
cAk between the signal and the pump field. 

This result allows us to investigate the behavior of a 
(T+ polarized signal pulse. The electrical fields Ei and 
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2xl0"*s 



-2x10"* s 
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FIG. 5: Real and imaginary part of Xpi^s) for the following 
set of parameters: Qp = 10^ s~^, Er = 2.3 x 10* and 
7 — 3.61 X 10^ . We also assumed that the detuning of the 
pump field vanishes, i.e. ujp — luq. 



E2 within the medium are then given by 



E[+\z,t) 



27r V 7^p(cJja-^ 



(37) 



and 



£2{z,ljj) 



j f2e-<^^+"*)da;e(-) 

— 00 

' np{Lv){a — z) 



(38) 



/27r 



np{ijj)a — i 



At z = 0, just outside the medium, the electric field Ei 
reduces to 



Ei{z = 0,t)=Eo{t)e 



(+) 



c.c. 



(39) 



where Eo{t) := l/^/2^ £o(t^)e"'"*dw is the Fourier 
transform of £(){uj). 

Fig. |S1 shows the real and imaginary part of Xp{^) 
which is related to Upibj) through Eq. H35|l . Since Xp{'^) 
vanishes for Aw = 0, the VSCPT-gas will be transpar- 
ent for an incoming cw-field of frequency u>s = iOp. The 
backscattcred beam is then equal to zero, see Eqs. (|37|) 
and (|38|l . An EIT-situation can thus be realized for an 
incoming signal pulse whose Fourier components £0 are 
sharply peaked around the pump laser frequency cOp. In 
order to evaluate the integrals in Eqs. H37|l and H38() an- 
alytically, we assume that 



Eo 



exp 



\^i^-ujpy 


exp 




(Jul 







is given by a Gaussian centered around uj — ujp, the phase 
factor ensures that the Ei pulse is completely outside 
the medium at i = 0. If the width (7^1 of £q is sufficiently 
small, np{uj) can be expanded as np(aj) « n' [up) ■ Aw . 



With the help of the residue theorem we arrive at the 
following expressions for the field amplitudes 



Ei{z, t) = Eq exp 

E2{z,t) = Eq exp 
where 

V± = 

K± = 



[ 41 






( 








( 



\---h+{r^+)^] (40) 



z z-a 
- - h-iv-) — ^ 



2 aujn'p{ujp) 
1 



(Erf(ry±) + 1) 
1 



(41) 



an'{ujp)J \/2(Tc. 
tT < 

C (T,. 



and Erf(77±) denotes the error function. 

Fig. IHI (a) shows a contour plot of the intensity of 
the El pulse just before and inside the medium, which 
stretches from z = to z = 10 cm. This unrealistic 
probe length has been chosen to better visualize the re- 
duced group velocity of the Ei pulse within the medium, 
which also appears in other EIT-media 0, • Start- 
ing from z = 0, the trajectory of the incoming pulse is 
tilted forwards the positive t-axis which is a consequence 
of the group velocity reduction inside the VSCPT-gas. 
Fig. (b) shows the intensity of the backscattcred beam 
E2. It can be seen that the incoming pulse gives rise 
to two backscattcred beams which can be understood as 
follows. Since np{uj) vanishes for w = ujp, the Fourier 
components close to Aw = do not contribute in the in- 
tegral in Eq. . Consequently, the Gaussian £q is split 
into two parts which build up the two reflected beams. 
We finally note that an increased atomic density p, a 
broadened frequency width a^i or a less intense pump 
field amplifies the backscattering effect and reduces the 
transparency for the incoming pulse. For p = 10^^ cm""^, 
a^j = 10^, rip = 5 X 10^ and a probe length of a = 1 cm, 
the peak intensity of the refiected beam (relative to the 
peak intensity of the incoming pulse) is about 0.3, for the 
parameters of Fig. it is given by 0.08. 



VI. QUANTIZATION OF THE SIGNAL FIELD 

To see how a VSCPT gas infiuences the quantum state 
of the signal beams we consider the evolution of the field 
operator for the two signal modes [23l| . 



(42) 



where the modes are characterized by ki — ks, k2 = —ks 
and ei ~ 6^+^ as well as 62 = e'^'. We have set £uj^ := 
\Jh)jJsl (2eo^) with V being the quantization volume. We 
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FIG. 6: Contour plots of the intensities of the incoming (a) 
and the reflected (b) pulse. The medium stretches from z — 
to 2 = 10 cm, the frequency width of the incoming pulse is 
given by (Jo, = 5 X 10^ s~^. We consider a gas of Rubidium 
atoms with a mean atomic density of p = 2 x 10^"cm~"^, a 
Rabi frequency of Qp — 10^ and a zero detuning {uip — loo) 
for the pump lasers. The trajectory of the incoming pulse in 
(a) shows a bend at z = 0. This is a consequence of the 
reduced group velocity inside the medium. 



seek a solution to Heisenberg's equation of motion for the 
(transverse) displacement Dg, which takes on the form 



= V X V X Ps 



(43) 



where Pg ■— TiTtipuP) as well as ai{t) are reduced 
Heisenberg operators [2J| . The trace runs over all atomic 
and radiation degrees-of-freedom except for the two sig- 
nal modes. It turns out that the operator Pg has the 
same form as the classical polarization (|22|l if one replaces 



the Rabi frequencies i^i^2 by id£^^ai^2/h- Introducing the 
slowly varying operators ai(t) := ai(t) exp(ia'si) one can 
derive the coupled set of first-order differential equations 



dt 



(44) 



-0(1 

where second derivatives of the operators ai_2 have been 
neglected against u!sai^2- The coefficient (3 is given by 
f3 := cux, where Ux can be either no of Eq. (|25|l or Up 
of Eq. (|35|l . We arrive at the following expression for the 
reduced annihilation operators 



ai(t) 



[cos{/3t) ai + i sin(/3i) 02] (45) 



-i(/3+t^,)t J- ^ cos(/3i) as] 



where the operators ai on the right hand side are anni- 
hilation operators in the Schrodinger picture. The op- 
erators ai{t) do not obey the canonical commutation re- 
lations since /3 is a complex parameter. This result is 
consistent, since canonical commutation relations are not 
required for reduced Heisenberg operators [2^ . 

Solution H45|l demonstrates that a single photon in the 
incoming signal beam ai will evolve into a superposition 
of the two signal modes. Such a state corresponds to 
single-particle entanglement, since the polarization and 
position degrees-of-freedom of the photon are then en- 
tangled. Hence, the one-particle entanglement which is 
present in the atomic VSCPT state can be transferred 
to a corresponding entanglement of a photon in a weak 
signal pulse. We remark that, apart from the possible 
appearance of EIT, the creation of single-particle entan- 
glement could also be achieved by a beam splitter fol- 
lowed by a polarization rotator in one of the two output 
modes. The distinguishing feature of the VSCPT gas is 
that this effect is a direct signal of atomic entanglement. 

In conclusion, we have shown that an atomic gas pre- 
pared in a VSCPT state exhibits unique optical features 
which include the phenomenon of EIT and a backscat- 
tered light pulse which is a signal for the entanglement 
associated with the VSCPT state. Detection of the 
backscattered light pulse should be possible for a gas of 
Rubidium atoms, while the large recoil velocity in He- 
lium would make such an experiment unfeasible. On the 
few-photon level, the VSCPT gas would lead to single- 
particle entanglement for a signal photon. 
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